A construction is given whereby a Riemannian manifold induces a Riemannian metric on the total space of a large class of fibre bundles over it. Using this metric on the appropriate bundles, necessary and sufficient conditions are given for the Gauss map and the spherical Gauss map to be harmonic. A weak maximum principle is applied to the Gauss map of an isometric immersion into Euclidean space in order to prove a sufficient condition for when such an immersion with parallel mean curvature vector must be minimal.
Theorem 3.2 of §3; and for the spherical Gauss map Vf in Theorem 4.1 of §4. Our results in §3 extend earlier results obtained by M. Obata in [11], for the case when N has constant curvature, and by C. M. Wood in [15] , where he introduces the notion of vertically harmonic section. In §4 we also extend some of our previous work and take the opportunity to correct an error in [12] .
In §5 we apply L. Karp's weak maximum principle in [8] to the geometry of the Gauss map. In Theorem 5.1 we give an estimate on the size of the image of a harmonic map in terms of its tension field, while in Theorem 5. 
A metric construction.
Let N be a Riemannian manifold of dimension n. We describe here a natural construction of a Riemannian metric on the total space of fibre bundles E -• N associated to a large class of principal ^-bundles over N.
Let π: P -• N be a principal AΓ-bundle, where AT is a closed subgroup of a Lie group G such that the dimension of G/K is n. Let ώ be a Cartan connection on P (cf. Kobayashi [9] ). We assume that the Lie algebra Q of G decomposes as where t is the Lie algebra of K and V is an Ad(ΛΓ)-invariant complementary subspace which possesses an Ad(AΓ)-invariant inner product ( , ) . Then the g-valued 1-form ώ on P decomposes as
where ω is fc-valued and θ is K-valued. If {E A } n χ
is an orthonormal basis of F, we can write Let F be a Riemannian manifold on which K acts as isometries. Each element A e t induces a vector field on F whose value at x e F we denote d
Ax =Tt
Then for any x EF, ωx is a T X F-valued 1-form on P.
-f-(exp tA)x. dt 0
Let τ: P XK F -+ N denote the fibre bundle associated to P with standard fibre F (see Proof. The assertion of the proposition is equivalent to the following easily verified properties of h.
(i) h is invariant under the action of K on P x F\ (ii) h is horizontal, meaning that h(u, v) = 0 whenever one of the vectors u or v is tangent to a fibre of σ;
(iii) h(υ, v) = 0 if and only if v is tangent to a fibre of σ. Π REMARKS.
(1) This construction of dSp N depends on the choice of ΛΓ-invariant inner product on V. The first term of h can be multiplied by any positive constant t, but that is the same as replacing ( , ) by (2) If K possesses a bi-invariant Riemannian metric, then h + \ω\ 2 is a ^-invariant Riemannian metric on P x F with respect to which σ is a Riemannian submersion with totally geodesic fibres.
At present we are interested in two special cases: 1. F is a vector space with an inner product and K acts by a linear representation into the orthogonal group of this space.
2. F is a homogeneous space K/KQ. A simple check shows that G is globally defined. Using equations (4.5) and (2.4), we compute the Lie derivative
Let now ζ = ζ A e A be any (local) vector field on N, where {e A } is the frame field dual to {Θ A }. Define the quadratic form A ζ by setting
where ζ AB are the coefficients of the covariant differential of ζ. If we consider ζ as a (local) section of the tangent bundle, then from (4.3), (2.5) and (2.7) we have
Computing the Lie derivative of Aί with respect to ζ we obtain
where ζ AB c are the coefficients of the covariant differential of A ζ . Suppose now that ζ is a geodesic vector field (i.e., integral curves of ζ are geodesies), so that ζ*LpG = Lζζ*G, and hence from (2.8)
We are now able to interpret at the level of the manifold Λf the meaning of the trace of the pull back of equation (2.6). Indeed, from (2.6), (2.9) and (4. Using the construction of Case (ii) in §2, we now have Contracting T we obtain a vector field along /, REMARK. If N has constant sectional curvature c, then
The tensor fields Ric ± (/) and T give the obstruction to a generalization of the Ruh-Vilms Theorem. THEOREM 9 where γ: M ^ G m (n) is the Gauss map of Ruh-Vilms. As in this case τ(yy ) = (τ(/), τ(y)), our theorem generalizes that of Ruh and Vilms. The factor τ(/) in τ(γf) explains the apparent discrepancy between our result and that of Ruh-Vilms. From (3.11) it follows that in this case τ(γ) = 0 if and only if / has parallel mean curvature vector.
Let f:M-+Nbean isometric immersion with Gauss map γf\ M -+ G m (TN). Then jf is harmonic if and only
(2) In C. M. Wood's [15] concept of vertical variation of γ f , we have for the vertical component of dγf the second term of (3.9), and for the vertical tension, τ v {γf), the last two terms of (3.11). (n x ,π x ) -(n y ,π y ) ).
Hence (4.14) must hold. a n), for some constant t > 0, in order to obtain a metric ds^M ± (t). The Corollary will then hold when iV has constant positive curvature c > 0, provided that we use the metric ds^M ± (t) with t 2 = l/c. 2. We take the opportunity here to correct an error in [12] 
5.
A maximum principle applied to the tension field. We conclude with an application of Karp's weak maximum principle [8] This property is independent of the point XQ.
The following result is due to L. Karp [8] :
Let M be a complete Riemannian manifold with subquadratic exponential volume growth. If u is a real function on M such that sup M u < +oo then inϊ M Au < 0, where Δ is the Laplace-Beltrami operator on M.
We apply Karp's theorem as follows. The proof will be given at the end of this section. REMARKS. (1) This theorem extends a result of Xin [16] which was proved under the additional assumption that Ric^ > 0.
(2) By the hypotheses of the theorem the geodesic ball B R (yo) does not contain any of the cut points of yo It is, however, not trivial to describe such geodesic balls in algebraic terms. The following result is due to Fisher-Colbrie [5] . 
